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Accelerated coloured particles in general relativity 

Metin Gurses 
Department of Physics, Middle East Technical University, Ankara, Turkey 

Received 22 March 1982 

Abstract. Trautman's accelerated coloured particle solution of the Yang-Mills field 
equations are shown also to exist in general relativity. 

It is well known that accelerated charged particles in classical electromagnetism loose 
their energy and momentum by radiation. Recently, Trautman (1981) pointed out 
that the situation might be quite different in the classical Yang-Mills theory. He 
conjectures that a single classical, colour-carrying particle radiates if the colour remains 
constant. Acceleration, and hence the radiation, vanishes if the colour changes with 
time. 

In this paper we report that Trautman's observations are valid in general relativity 
as well. Following Newman and Posadas (1969) the potential one-form, the field 
two-form and the line element corresponding to an accelerated charged particle, 
respectively, are 

(1) 

(2) 

(3) 

9l = (e/r)[dr + ( E  - Qr) du] 

f =dt?l=(s/r2)du h d r + e  du AdQ 

ds2 = 2(K - Qr + $:/r + E2/r2)  du2 + 2 du dr - (r2/2P2) d[ df 

where e is charge, E is the norm of the four-velocity of the particle and Q = P-'P = 
P-' aP/au ; K, $:, E and Q satisfy the equations 

4: - 3$:Q = dd*K + 4P2Q,rQ,t 

E - 2EQ = -2d(PQ,c) 
(4) 

ad*$: = -2E (E - 2EQ) 

with dd* = 4P2a&. These solutions are known as the Robinson-Trautman (1962) 
metrics in general relativity. Now let the gauge potential one-form A be given as 

A = 4 ( u ) g  ( 5 )  

where 4 ( u )  is a matrix valued function of U and 2 is given in (1) and the gauge field 
two-form written by 

(6) F = r-'(q + Eq/r) du A dr + 4 du A dQ. 

The Yang-Mills field equations 

d*F +A A *F -*F  A A  =*J  (7) 
are satisfied exactly if and only if (i) 4 = 0. Colour remains constant but since Q # 0 
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then the particles radiate, or (ii) cj # 0. q = au +p,  where a and p are constant 
matrices satisfying 

a+ [a ,p ]=O (8) 
and Q = 0 which means there is no radiation. Hence the metric (3) and the potential 
( 5 )  with the constraints (i), or (ii) with (8) solve the Einstein-Yang-Mills field equations. 
It can be shown easily that the matrices a and p satisfy 

a n  = O  for n 3 2  

Tr(a "p ") = 0 for n 3 1  m s O  

hence 

Tr q" = Tr p" = constant. (1 1) 

These last properties imply that the energy-momentum tensors corresponding to 
Maxwell and Yang-Mills fields become identical (assuming Tr q 2  = 1). If (for case 
(ii)) E = 0, corresponding to massless coloured particles, since Q = 0 as well, then the 
energy-momentum tensor vanishes but the field is different from zero 

(12) F = ( a / r )  du A dr 

and the metric becomes flat 

ds2 = 2 du dr - (r2/2P2) d( d c  

The same potential ( 5 )  with Q = 0 and the Bertotti-Robinson metric also solve 
the Einstein-Yang-Mills field equations with the same conclusions (i) or (ii). 

The form of the gauge potential in ( 5 )  suggests the following generalisation. Let 
(T = ( I ,  n, m, t7i) and 'ZT be the tetrad and the electromagnetic potential one-forms, 
respectively, representing a solution of the Einstein-Maxwell field equations; then (T 

and q ( u ) %  are solutions of the Einstein-Yang-Mills field equations, where q ( u )  is a 
matrix valued function of the null coordinate U, if and only if 

(i) c j = O  or (ii) cj # 0 q = a u  + p  (13) 

where a and p are constant matrices satisfying 

a +[a, p ]  = 0 

D%l - ( p  + ( i ) % I  + K % f i  + fam -%? = 0 

D%fi - (7r + T)%1 - ( p  - 2e)%Im +aam +&I+ %1%m = 0 

+ (7 -2P)am -(41 +&I)  -(alan -2Emafi) = 0 

% = %,,l +%In -am* -%,m 

(14) 

and, using the Newman-Penrose (1962) formalism 

(15) 

h%,+8gm + ( p  +$)%I + r ? % f i  + ( 7 - 2 @ ) % m  

with 1 = du and 

(16) 

and d l  are the electromagnetic field spinors. In this general case the energy- 
momentum tensors of the Maxwell and the Yang-Mills fields are also identical, hence 
two different fields which are not gauge equivalent define the same geometry. This 
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is an example indicating that there can be no Birkhoff theorem in the Einstein-Yang- 
Mills system. 

We may fix the direction of q by a gauge transformation of the form 

w ( u )  = I  +au (17) 
but the potential one-form is translated by an amount a du 

A=pM+cu du 

and the field two-form becomes 

F = a  du ~ M + p f  (19) 
where f = dM. The gauge transformation (17) may change the U dependence of the 
field F but it changes its asymptotic form as well. 

Finally, we should like to remark that two gauge equivalent Maxwell potentials 
M and M+ dy may not necessarily provide gauge equivalent Yang-Mills potentials. 

case (ii)) Yang-Mills field is 
As an example let M = d r  (pure gauge); then the corresponding (this is valid only in 

F = a  du Ady (20) 

which has no energy-momentum tensor, hence the space-time is described by a vacuum 
solution. These kinds of solutions are known as vacuum solutions (Casalbuoni et a1 
1979). 
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